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1. Introduction

The processes of non-leptonic decays of B mesons are considered as one of the most
interesting topics at present time. They are sensitive to the physics of the standard model
and provide a nice possibility to search for new physics effects. The channel of two m-mesons
is very interesting because phenomenological analysis of the corresponding branchings and
C'P asymmetries can be done to a good accuracy in a model independent way [f[]. Last few
years B — 7w branching fractions and C' P-asymmetries have been measured by BABAR [
and BELLE [ collaborations.

Important progress has also been achieved in the theory. There was suggested a new
approach which is based on the idea of QCD factorization. The factorization allows, in
some sense, to constrain the strong interaction background in a model independent way
and therefore provides a theoretical basis for analysis of B—decays which can be considered
as an alternative to the traditional phenomenological fits.

The factorization theorem for nonleponic decays has been initially suggested in [].
The statement has been proved by explicit calculations at the leading and next-to-leading
orders. The general proof of the factorization to all orders can be done using the so-
called soft-collinear effective theory (SCET) [f]. The application of SCET technique to
the two mesons decays has been formulated in [, [fl. The presence of two hard scales
i~ my and g ~ \/Amy leads to two steps matching QCD— SCET; — SCET}; with
corresponding two independent coefficient functions which can be calculated systematically
in perturbative QCD. The non-perturbative dynamics is described by the matrix elements



of the light-cone operators constructed from the fields of the SCETYy effective theory. These
unknown functions are universal for all processes and therefore can be constrained from
the global analysis. Phenomenological applications to the nonleptonic decays based on the
factorization have been considered in several papers. The QCD factorization approach (the
so-called BBNS or physical scheme) was used in [fl. A different analysis on basis of SCET
was suggested in [, f]. Although both approaches are based on the same theoretical idea
they are different in the consideration of some phenomenological moments, see for instance
discussion in [fL(]].

An important question which appears in application of the factorization is applicability
of perturbation theory at relatively moderate scale j ~ \/Amy ~ 1—2 GeV . This situation
arises at the second step of the matching SCET; — SCETy . In order to answer this
question, the next-to-leading calculations of the so called jet coefficient functions have
been done in [IJ-[4]. It was demonstrated [[[3 that the radiative corrections are large
but, on the other side, do not indicate any problem for the applicability of the perturbative
expansion. But the full next-to-leading contributions also include corrections to the hard
coefficient functions which describe matching QCD to SCET] effective theory. A priory,
such corrections could also be considered as a source of quite large contributions, especially
for the color suppressed amplitudes in the BBNS analysis [[[J]. Therefore the second tail
of the next-to-leading corrections, corresponding to the matching of QCD to SCETy at
1~ my also have to be computed. An other important motivation for such a calculation
is the observation that the imaginary part of hard spectator amplitude arises only from
the radiative corrections. If it can produce sizable corrections to the C' P-asymmetries then
such contribution is very important for the phenomenological analysis.

Recently, such calculations have been carried out and results are presented in [[[f]
for the graphical tree amplitudes and for the penguin amplitudes [[[f]. In this paper we
present the calculations of the radiative corrections to the graphical tree amplitudes. Our
results have been computed using different technical approach and can be considered as an
independent derivation of the corresponding corrections.

Our paper has the following structure. In section I we introduce the basic notation
and review, for convenience, the formulation of the factorization theorem for B — 7w
decays. In section II we discuss the matching from QCD to SCET; . We define the
basic set of SCETy operators and recalculate the leading order coefficient functions. The
calculation of the one loop diagrams and results for the coefficient functions are given in
section III. Section IV is devoted to the numerical estimates of the branching fractions.
The discussion of some technical questions and the analytical results for the individual
diagrams are presented in the appendix.

2. QCD factorization for B — 7 decays

For the convenience we review shortly the basic QCD factorization approach suggested
in [f. The amplitudes of two pion decays are given by matrix elements

Arr = (n(p)7(p) | Heer| B(P)) (2.1)



with the effective Hamiltonian
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where )\Q(Ld) = V'V, )\((;d) = VaVy , C; and Of are coeflicient functions and effective

four-fermion operators respectively. In particular, the explicit expressions for the current-
current operators are

Of = (@ b)v—_a(du)y—a, Of = (Us ba)v-a(daus)v-a (2.4)
Of = € b)y_a(dc)y—a, 05 = (s ba)v-a(dacs)v—a

where as usual V — A = 4#(1 — v3) and indices «, [ stand for the color. The definitions
of the remaining terms are standard and can be found, for instance, in [L7]. Taking into
account the structure of the effective Hamiltonian (2.3) the decay amplitudes A, can be

conveniently rewritten through the effective amplitudes «; in the following way [B]:!

iIGp iGF
Antp— = —A&)WMBJ% o1 + o + off pw] — AP —= NG Mg fr[af +afpw]. (2:6)
iG w 3w 1,
Agoro = AP \/EMBfW [—042 +oy — 5 98,EW — 5044,EW]
ZGF 3 u 1 e
+)‘£ )WMBfw [044 2a3,EW - 5%,}5{/{/} ) (2.7)

where we have neglected the annihilation contributions. The amplitudes «; describe the
matrix elements of the different operators in (B.3). Namely, a2 gives the matrix elements
of the current-current operators O; 9, ) and a;’i gw  denote the QCD and Electro-
Weak penguin contributions respectively. From the isospin symmetry one has

\/§A7r07r— = Awowo + AW-Q—W— (2.8)

We used notation Mp for B—meson mass, fr is pion decay constant and below fy =
fo(0) = £1(0) denotes B — = transition form factors at ¢ = 0:

2 2 2 2
(1) 8 BEP)) = () | PPty =SB ) ESege (2)
The amplitudes o include all dynamical information about the decays. In the limit of large
b—quark mass mp — oo the QCD factorization approach makes it possible to calculate
amplitudes of to the leading power accuracy. Let us consider the matrix elements oy 2
which provide dominant contribution to the branching fractions. Their expressions are
given by

1 1 1
= u AU u u u y4 \u, 2 BlZ .
%—ﬁédmm%m+ldwayﬁdnm>@<x (2.10)

"We have slightly changed the original notation removing fo from the normalization factor
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B1 = w X w Z,.r, W X .
: <z>—fo7r/0 d /od 65(@)J (5,7, w) @x(x) (2.11)

where functions V; and T; are the hard coefficient functions which can be computed in the

perturbation theory order by order in QCD coupling ag:2

a

Vi = VO (u) + ﬁViNLO(u,z,mb/up) T (2.12)
a

T, :TZ.LO(u)+2—;7}NLO(u,z,mb/MF)+... (2.13)

The hard coefficient functions describe the hard subprocess in which quarks and gluons
are highly virtual, with typical hard momenta p% ~ mg . Performing integration over such
fluctuations we reduce QCD to the effective theory SCET] which however still contains
large hard-collinear fluctuations of order p%c ~ mpA. Integrating over these degrees of
freedom we reduce SCET; to the low energy effective theory SCETy which contains only
collinear and soft particles with small p? ~ p? ~ A? off-shell momenta. The coefficient
function which appears at this step is the so-called jet-function J(z,z,w):

J(z,x,w) = as(pne) J*O(z,2,0) + ... (2.14)

where the hard-collinear scale pj. ~ /mpA. The soft physics is encoded by the matrix
elements of SCET}; operators constructed from the soft and collinear fields. These matrix
elements are parametrised by non-perturbative light-cone distribution amplitudes (LCDA)
or,®»p and decay constants fr, fp. Their explicit definitions are given by

fuprle) =i [ D ie DA (2= (p) |[TOn) s u(—Am)[0),  (2.15)

™

2=n%2=0,(n-n) =2 and pion decay constant

where n and n are the light cone vectors: n
defined as
(7~ (p) [d(0) #h75 w(0)] 0) = ~ifr(p.n), (2.16)

that implies [ dz ¢.(x) = 1. B—meson LCDA is given by
- d)‘ w — D
Fytat(W)V Mpop(w) = —Z/ 3¢ (0 1g(An)hysho (0)] B(P)) (2.17)

where v = %(ﬁ + n) is the velocity of B—meson at the rest frame. The Mp-independent
decay constant Fiq (1) [[L1] is defined as

Foat(1) = VMp f/Kr(p), Kp(p) =1+ O‘i? <3ln % — 2) (2.18)

where the physical decay constants fp is given by

(0 [gy*~sb| B(P)) = i fpMpo*. (2.19)

2In this paper we always assume that perturbative expansion of any quantity R is defined as R =
LO | as pNLO
R*™ +33R + ...



As it was shown in [R0, RI], the normalization integral for ¢p(w) and higher moments
are not defined and therefore the non-local matrix element (R.17) can not be reduced to
the local matrix element (P.1§). This feature makes this function quite different from the
standard LCDA ’s of light mesons.

As we can see from equation (R.10) the jet function appears in the second term only.
This term describes the hard spectator interaction. For the fist term in (P.10) the match-
ing to SCETy; is not possible due to the overlap of the soft and collinear regions, see
discussions [, ] Such contribution is known as soft-overlap form factor. In the BBNS
prescription this form factor is excluded using the so-called ”physical scheme”. In this
approach the soft-overlap form factor is rewritten as a sum of physical form factor fy and
of hard spectator scattering contribution (the details are given below in the text).

Explicit expressions for the hard coefficient functions read [{] (i £1 =i+ (—1)"*!)

C;
Vit = (C+ G2 + 52 VYO +0(ad), (2:20)
N, 27
C,
VO W) = SV () (2.21)
1 1-2
V(u) = =Cp (12111 M 18 +3 ( “nu— m) + (2.22)
2 Uh 1-
. 9 2Inu ) _
2Lig[u] — In u+1_u—(3+227r)lnu—(u<—>u) .
Ti(u,z) = G 1 + IS PNLO(y 1) + O(a) (2.23)
’ N, 1—-u 27" ’ ’
For the jet function in our notation we have
Cré(x—2) as NLO
= - — . 2.24
J(z,z,w) 045{[ N, T om +27TJ (z,2,w) + , (2.24)

The next-to-leading order expression for JNO(z, z, w) has been recently obtained in several
papers [[13-[14] and we shall not present it here.

3. Calculation of the hard coefficient functions

The aim of this section is to discuss some details relevant for our calculation. We shall
reproduce the leading order results for hard coefficient functions T; quoted in eq. (2.23).
As it was discussed in the previous section, T; is associated with matching QCD to the
effective theory SCETy . Technical details of such calculations have already been discussed
in [ -PF] for the case of heavy-to-light currents.

First, let us fix the basis of SCET} operators relevant for our case. We introduce two
operators with approprite flavor ¢ and chiral structure:

JA0 (5) = (G, W,)s (1 — Z_@) R, (3.1)

J(Bl)(s) = mib(Qan)s(Wjilpich)(—s)(l - 75)hv- (3'2)



where we have accepted the notation introduced in [R§]. The light quarks are supposed to
be collinear fields in SCET approach g, (z) = 0, h, is HQET field. Notation W, is used
for the hard-collinear Wilson line involving only 7 - A. component of the collinear gluon

field:
0

(@GnWe) s = Gn(s n)Pexp {z’g/

—00

du nA:[(s + u) n]} . (3.3)

Matrix elements of these operators between physical particles define two SCET form

factors:
(7 () [(daWe) ho| B(P)) = my &r, (3.4)
(=) |76 BP)) = my [ ' cislm B, (3.5)
0

where dependence of the form factors on mass my is implied.

In order to obtain the factorization formula (2.10]) one has to perform matching of the
effective Hamiltonian (B.3) to the operators in SCET (B.]) and (B-3) . We shall focus our
attention on the contributions of the current-current operators O; 2 because they provide
dominant part of the two body decay amplitude. Then for the matrix element A, (R.1)

we obtain
: Gr _ i1Gp
Al = ZE\@) |CLOY + CL0Y%| BY = ——=MAfo( i ), 3.6
%S \/5 m <(7T7T)z‘ 1Y 2 2’ > \/5 Bf (a ) ( )
ozl-:(g7T vi*gpw+%*ti*5ffl), (3.7)

where v; and t; denote hard coeflicient functions and by asterisk * we denote, for simplicity,

convolution integrals. The index i is introduced to distinguish two possible final states

(rm);_y = 7w, (77),_y = 7°7%. Corresponding matrix elements define amplitudes oy

and ay respectively.
In the physical scheme one has to express SCETj form factor &, through the physical

form factor fi(0) = fo [LJ:

1 1
&r = mfo - chl * ffla (3.8)

where C4° and Cf I are the hard coefficient functions which appear in matching of the
scalar heavy-light QCD current to the operators (B.), (B-9):

Gb=C% g0 L CBLy JBY L O(1/my) (3.9)
Inserting equation (B.§) into (B.4) we obtain
a; = fo vi/C0 % or + o (t; —v; CP1CA0) % 21, (3.10)

Comparing this expression with equation (2.10) we find

Vi(u) = vi(u)/CA°, (3.11)
Ti(u, 2) = ti(u, z) —v; (u) CPY(z)/CA° . (3.12)



These expressions define precisely the coefficient functions V; and Tj; in the physical scheme
through the matching coefficient v; and ¢; of the effective operators O; 2. Introducing
perturbative expansions for the coefficient functions:

cA0 = CNLO + . (3.13)
cPl = CLo + CNLO +. (3.14)
vi(u) = vl (u) + ﬁvf\mo(u) +..., (3.15)
ti(u, 2) = tEO(u, 2) + 2N EO(y, 2) + ... . (3.16)

27
we obtained for the functions V; and T; in (R.19) and (R.13)

(3.17)
v} (3.18)
= (t© LOC ) (3.19)
TNLO (tNLO LO CNLO) C VNLO ( )

LO CA Q

One can observe that subtraction terms —v ?C49 , in equation (B.1§), —v?CB} and
LO CB NLo in (B-19) and (B.2() can cancel the contributions of the ”factorizable” diagrams
Whlch can be considered as appropriate product of the two matrix elements:

<(7T7T)Z~ ‘011‘72‘ B>fact ~ (m|qlq|0) <7T |glb| B> (3.21)

If it is fulfilled, then such diagrams can be ignored in the calculations of the coefficient
functions TFC and TNLO.

In our paper we shall obtain the coefficient functions 7; computing matrix elements
with quarks and gluons. For that purpose we define the perturbative analogs of the dis-
cussed form factor 55 1 and LCDA wr. To define SCET; form factor let us consider as
external state a hard-collinear quark and a gluon with momenta p; and po respectively:

n

pr=zp+ (p1n)§ +piL, (3.22)
n

p2=Zp+ (pan)5 +p2l, (3.23)

where p = my%, Z=1— 2z and the other components are (n - p12) ~ A, |piaL] ~ VAmy
as it necessary for the hard-collinear momenta. Then we define

(atpg(p2) |75 (s)

1
hv> = mb/ dz =DM e g(2). (3.24)
0

The factor £ denotes the relevant combination of the quark spinors and gluon polarization
vector: &p = %qd ¢(1 —75)hy.3 We assume that the final gluon is transversely polarized
b

3Symbols G and h,, denote the quark spinors in this formula.
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Figure 1: Graphical representation of the QCD matrix elements which we use to compute T;.
The right graph corresponds to the QCD diagrams with emission of collinear gluon by collinear
outgoing quark. Such graphs include contribution from operator J(49 with quark-gluon vertex
from the leading order SCET lagrangian.

with the polarization vector ey, the color indices are not shown for simplicity. Performing
simple tree level calculation one finds

010 (1) = 6(z — 7). (3.25)

In order to define the perturbative analog of the pion LCDA we consider quark-antiquark
state with collinear momenta

n
pi=uw +p1,, ph=w +py, p = mpg (3.26)
Then?
1
(piph |a(An) 1 v5 d(=An)|0) = —i fp(p'n) / dowe 2@ DE™ (1), (3.27)
0

where we introduced notation fp = i un/ysu/my. Again, from the leading order calculation
one obtains
©BO(u) = 6(u — x). (3.28)

In order to calculate coefficient functions T; we introduce the matrix elements describ-
ing the decay of the b-quark into three quarks and gluon

<p/1 pIZa P1 P2 |CIOI + C202| bv>nf — <p/1’p/2 P12 ‘T {tl * J(AO)?‘CZ?}

b) =im} fpéns!
! (3.29)
and parameterized by form factors %;‘F respectively.

By the subscript "nf” we indicate that we exclude the factorizable diagrams (B.21)
which, as expected, cancel in the transition to the physical scheme. The subtraction term in
the left side of eq. (B-29) represents the admixture of the operator J% with one insertion
of the interaction vertex £i" from the LO hard-collinear SCET lagrangian [24, 5. Such
contribution describes the emission of collinear gluon from collinear quark and are present
only in the diagrams with topology, given in figure [l Practically this subtraction can be
easily done by the substitution

W)y — s (3.30)

4For simplicity, we do not introduce here the collinear SCET fields following standard QCD notation.
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Figure 2: Leading order diagrams for the coefficient functions 7; .

where @(py) is the wave function of collinear quark in full QCD and u,, denotes the hard-
collinear spinor in SCET.

From the factorization we expect that

Wl = /0 du pp(u) /0 dz To(u, 2) 0(2), (3.31)

where by tilde we denote coefficient functions of nonfactorizable diagrams.

Consider, as example, calculation of TiLO. Relevant tree diagrams at the leading order
are shown in figure fl. Two diagrams with emission of a gluon from the bottom lines
represent the factorisable contributions (B:21) which cancel against —v*?CB} in (B19).

Straightforward calculation gives (after Fierz transformation)

D, =0, (3.32)

. Cit1 1
Dy =i m} ——=_. 3.33
b ZmbfP§B< Ncﬂ> (3.33)
Comparing with eq. (B-31)) we obtain:

/1 du =0 (u) /1 dz TFO (u, z) 019(2) = (i mp fp&g;)_1 Dy (3.34)
0 0

Inserting the leading order expressions for the form factor 6%© and LCDA gpljé,o we find
the leading order hard coefficient functions:

Cit1 1

O
C

(3.35)

As one can observe, LO results have no z— dependence. In the next section we use the
same technique to compute the next-to-leading order corrections.

4. Calculation of the coefficient functions 7; in the next-to-leading order

Corresponding one-loop diagrams are shown in figure . Factorisable diagrams, in the
sense of (B.21)), are not shown for simplicity. These are the diagrams where the external
gluon is emitted from one of the bottom quark lines and the virtual gluon connects only the
bottom (upper) quark lines but not upper and bottom. For the case of form factor aq, these

diagrams naturally reproduce subtraction term vlLOCﬁlLO in (1.2§) and therefore cancel.
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Figure 3: One loop diagrams which have to be computed in QCD. The crossed line denotes the
emission of the outgoing gluon and the number gives the index of the corresponding diagram. The
momentum flow is shown only for one line with the loop momentum [ . We skip for simplicity the
diagrams with the light quark wave function renormalization.

But analogous situation for the as is more involved because of the different Dirac structure
of the operator vertex. The problem is that corresponding UV — divergent diagrams in
dimensional regularization can not be represented exactly in the factorised form (B.21)
because Fierz identities can not be used to regularized diagrams. Therefore one has to
check the exact cancellation against vZ©C%1 ~vLo after UV —renormalization. We have fond
that in accordance with subtraction scheme, described below in the text, such cancellation
is exact. Therefore we shall not discuss these diagrams further.

From the factorization we expect that form factors %;‘F describing the matrix ele-
ments (B.29) of the renormalized QCD operators can be represented as a sum of three

contributions:

(%z'T )NLO - SDILDO( ) %NLO(@“/ ') HLO(Z/)
+eptO(al) x 19!, ')+ 010 () + 0 () # 170 (2!, 2) » 0N FO() (4.1)

where N0 and §VLO denote the contributions of the renormalized matrix elements (B-23)
and (B.27) in the next-to-leading order. The three contributions in ([.1) can be associated

with four integration regions in the loop integrals. The hard region k; ~ my, k> ~ mg
provides contributions to the tN1O(a/,2'), the collinear to p' must be associated with

contributions to <pN LO(2"), the soft k; ~ A, k* ~ A? and collinear to p regions can

be associated with the §V1O(2'). Substituting in (f£1]) the explicit expressions for the
kO, 01O (2') and tFO(2', ') we obtain

Ci+1 eRLO@)  Ciq 1 [*
P00 = (o )y + G2 [ ar BB Gt [Paspvio . )

Inserting this expression into eq. (B.20) and substituting CB} = —1 [22, g we find for the

,10,



NLO coefficient functions in physical scheme:

C, 1 NLO (SC/) C. 1
NLO _ (T i1 1Pp i+1
w2 =G vt L ¥ TN, &

1
/ dzlaNLO(Zl) +‘/ZNLO (43)
0

Let us now discuss the calculation of different terms appearing in (.J). To perform
the calculations of the diagrams in figure ] one has to introduce regularization for the
ultraviolet (UV') and infrared (IR) divergencies. We shall use dimensional regularization
with D = 4—2¢ to subtract UV —divergencies. To compute the UV —divergent subdiagrams
of the four-fermion operators we use NDR—scheme with the anticommuting -5 matrix.
Note that Fierz identities then can be used only for the renormalized matrix elements
in four dimensions. For the I R—divergencies we use regularization by off-shell external
momenta. Such regularization makes possible to perform all manipulation with Dirac
algebra for the UV —finite integrals in four dimensions.

As an illustration, let us consider a contribution of some diagram Dx which can be
represented in the following way

Dy = / dPl alb, dlyu, (4.4)

where wu, i, b,, d are quark spinors of given flavor and matrices I'y @ 'y denote some momen-
tum dependent expressions. Contraction of spinor indices can be organized in two different
ways which correspond to the amplitudes a; or as. As an example below we consider the
calculation of ap. The same technique also was used for «;.

All graphs can be divided into two groups: UV —divergent and UV —finite.
UV —divergent subgraphs, which appear in graphs G{1,3,5},H{1,3,6} represent usual
divergencies of the QCD Green functions. They are removed by QCD Lagrangian coun-
terterms. UV —subgraphs in diagrams A{4,5,6}, B{4,5,6}, C{4,5,6}, D{4,5,6} and
F{5,6} describe renormalization of the four-fermion operators O; 2. Calculation of the
corresponding UV —divergent integrals must to be performed in D = 4 — 2. A typical
expression for the integrand of UV —divergent graph can be written as

I, 1
o D

- Ll
ul'1b, dlou = N§¥ L2 + NI

2 D[l] (4'5)

where the [-independent functions N/ contain Dirac structures and spinors from the
numerator, D[l] denotes the denominator, which behaves at large Euclidian momentum !
as D[l] ~ (1%)3. Such situation is usual for the UV —divergent graphs mentioned above,
except only diagrams with quark self-energy subgraphs. Substituting ([.3) in (f4) we

obtain
Dx = Né‘"J[lul,,] + N{‘J[“] + NoJo, (4.6)
where we introduced Y
J,0) = | dP1E2 4.7
i) = [ 4P (4.7

and similar for others integrals. Taking into account the behavior of the denominator at
large momentum D[l] ~ (1%)3 | it’s clear that only J[I,l,] is UV —divergent. The other three

— 11 —



integrals can have only I R-divergencies, regulated by the off-shell momenta and therefore
can be considered in D = 4. One can easily express the tensor integral J[l,l,] through
scalar integrals:

Jlul] = g1 + (npity + 7pny) Jo (4.8)

with
;= ﬁ (2] = T )L 7)) - (4.9)
T = gy (@ =10 w7 = T (4.10)

Both scalar integrals J[I?] and J[(I - n)(I - 7)] have UV —poles. But in the coefficient .J
the poles cancel. Hence we must contract g, with Dirac structure N)” in D = 4 — 2¢
and expand the obtained expression up to terms ~ . The reduction of all one-loop Dirac
structures to tree spinor combinations can be performed with the help of N DR prescription

YA (1 = ¥5) @ Y Ypr Ve (1 = 5) = 4(4 — )y (1 — 75) @ V(1 = 75) (4.11)

Let us here make following observation. Computing the integrals J[I%] and J[(I - n)(l - 72)]
we do not remove the I R—regularization because these integrals can also happen to be
I R—divergent and we must avoid the mixing of UV — and I R—poles. However, we observed,
that one can always choose some“convenient” momentum flow for which these integrals
have only UV —divergences and free from I R—singularities. In this case one can drop the
IR-regularization making the calculations more simple.

Defining UV —pole of the coefficient J; as

1
pole part [J;] = —ZYV (4.12)
€
we write UV —divergent contribution for the Dx as
uv 1 vy uv ) ag
DY = EZ glir(l] N5 g = zmbfpr%leJXUv (4.13)

where X, is the color factor of the diagram and JXpyy represents some UV —divergent
expression. In appendix we provide explicit expressions for X, and J Xy for each dia-
gram.

The singular contributions D)U(V are removed by tree diagrams with operators renor-
malization constants and by QCD counterterms, see details in the appendix. After that,
performing Fierz transformation, we obtaine trivial contributions from all the diagrams
with topology A5 — G5 and G{1, 3}.

The similar calculation of the self-energy one-loop diagrams is much simple because
they have only UV —poles and can be easily reduced to the tree Dirac structures. Let us
mention, that we must consider also the diagrams with the one loop corrections to the wave
functions which are not listed in the figure [, except for the heavy quark ¥;. We discuss
these contributions in the appendix.
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Finally, the finite expression for the diagram under consideration can be written as
[Dx] g = [Ny gy 1] p + N§¥ (nu, + fyng)Jo + N{J[l,] + Nodo, (4.14)

where [...]Jr denotes renormalized quantity. Remaining integrals have only
I R—divergencies: collinear and soft. Calculation of such contributions is the same for
all diagrams, with and without UV —subgraphs. Because we use off-shell regularization,

we put D = 4 and perform projections on the pseudoscalar state with momentum p':

- ‘ Sab
uf ag, = (i) fp N [7'75] 5> (4.15)

c

and on the SCET| operator JB1:
dabss = dnt'yThy [VB]ga @i + .., (4.16)
1 1
VElsa = 5 |71 - 310 @17)
Ba

where t4 are the standard color matrices satisfying Tr(t4t8) = %5 Ap and dots stand for

the irrelevant spin and color structures. It is convenient also to insert parametrisation for
the vector integral

Tl = %nw][(l )] + %ﬁﬂJ[(Z ). (4.18)

After calculation of traces and contractions we arrive to the expression for [Dx|, which
can be written as a sum scalar integrals

[Dx]p = imj fP§B§—; [Ix]R (4.19)
[JX]R = [agl (E)J[l2] + azg(e’:‘)J[(l . n)(l . ﬁ)]]R + bllj[(l . ﬁ)] + blgj[(l . n)] + ¢cody -

(4.20)

with some coefficients ag;, b1; and ¢g. The coefficients aso;, in front of UV —divergent inte-
grals are computed in dimension D and therefore depend on &.
The sum of the integrals [Jx] 5 gives the formula for the form factor s :

G Vnpo =2 Uxlg - (4.21)
X

Let us stress again, that expression with brackets [...]g in (E20) denotes the renormalized
quantity. We simply have rewritten the coefficients J; » in terms of the corresponding inte-
grals (10), (£.9) and introduced e-dependent factors ag; which arise from the calculations
in DR. Assume for simplicity that UV —divergent integrals are free from I R—singularities.
As we have discussed above, such situation can be realized for each diagram. Then con-
tributions associated with these integrals are simply some finite expressions which do not
depend on IR—regularization parameters. Our task now is to compute the remaining

integrals J[({ - n)], J[(I-n)] and Jo.
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Evaluation of these four-dimensional integrals can be performed with the technique
known as expansion by regions, see for instance [R7]. The dominant regions have been
discussed above in the text. Hence, instead of one finite integral we obtain the sum of
more simple but divergent integrals. According to general prescription, we use dimensional
regularization in order to regularize the simplified integrals in each region. Therefore, in
accordance with the dominant regions we have find following general decomposition of
[Jx]r

[Ux]r = (Ix)hard T (IX) coti—p + (IX) con—p + (IX) 5071 - (4.22)

Taking into account that I R—divergencies are related with collinear and soft regions we

find:

(JX)hara = [a21() T[] + aga(e)J[(L - n)(L- 0)]] , +
(b1 J[(L - n)] + bi2J[(L - n)] + coJo) para » (4.23)

(JX)coll,soft = (burJ[(L- )] + b2 J[(1 - )] + COJO)coll,soft : (4.24)

The hard region contributions in DR have IR—poles instead of IR—logarithms as in
the case of off-shell regularization. The collinear and soft contributions have only
UV —divergencies (off-shell regularization works in I R—regions). But the sum of all terms
must be finite because of cancellation between UV — and I R—poles.

The contributions from the collinear and soft regions depend on the external off-shell
momenta which we use as I R—regulators in the original integral Jx. Inserting decompo-
sition (f.29) into ({.21)) and then into (f.J) we must recover the cancellation of the soft
IR—scales. This is a good check of the factorization in the next-to-leading order. It is
convenient to define the quantity:

S = ; {(JX)coll—p + (JX)coll—p’ + (JX)SOft}

Cit1 /1 yopO) 1 /1 1aNLO /1
— - . 4.2
+ N (de T —i—ﬁ Odz@ (z) (4.25)

Then taking into account that @%LO and V1O

are defined as matrix elements of the
renormalized operators ( the UV —poles are subtracted )® we expect that the answer for S

can be represented as a sum of UV —poles and scale independent constant:
1 1
S = —2Z2+—Z1+Z0. (426)
€ €

The poles, arising from the collinear and soft integrals in ({1.26]), must cancel against
IR—poles appearing in the hard integrals (Jx); .4 in (E:29). It is clear that the residues
Z1,2 can be related to the corresponding renormalization constant of the LCDA ¢p and
form factor 6.

In order to obtain the finite terms Zy one has to perform calculation of the collinear
and soft integrals, matrix elements (B.24) and (B.27) and compute the sum. It is clear

®Note that one must apply the same I R—regularization for the matrix elements which define = and
GNLO
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that both calculations overlap and this may be used to simplify derivation of the term Z.
The SCETj non-renormilized matrix elements must be computed in DR, as usually, with
D-dimensional Dirac algebra. But the structure of numerators of the diagrams for the
matrix elements are relatively simple and their reduction to the basic combinations can
be evaluated without any special prescriptions. The calculation of the form factor (B.24)
is more complicate in comparison with pure collinear pion LCDA (B.27) because certain
diagrams generate UV —poles of second order. But corresponding diagrams always have
very simple numerators. Performing reduction of Dirac algebra to the basic structures
one can again rewrite expressions for the matrix elements in terms of the scalar integrals
which are similar to those appearing from the collinear and soft regions in QCD diagrams.
Now the coefficients in front of these integrals are e-dependent. We have found following
representation for the bare NLO SCET; matrix elements:

f 1 NLO / 1 1
Citn ( / do/ 2L/ (”f) + = / dz’HNLO(z’)> —
0 bare

N, 11—z u Jo
- Z {(JX)collfp + (IX) cott—pr + (JX)soft} te Z Ix (4.27)
X X

where Iy are some UV —divergent integrals. These integrals have only first order poles in €.
All integrals with second order poles are absorbed into the first sum in rhs (.27). Therefore
taking into account that integrals Ix have coefficient ¢ we obtain finite contribution from
the second term in rhs ({.27). The factor ¢ in the numerators appears, as a rule, from
the reduction of D-dimensional structures in the diagrams to the basic factors £ and fp.
Combining ([.27) with ([£.2§) and taking into account UV —counteterterms for the SCET]
operators we obtain representation (£.26)). It is clear that terms ¢ Iy provide contributions
to the constant Zj in ({.29).
Substitution (R-21)) and (f26) in formula for the coefficient function (f.) gives:

1 1 C
TNLO (4, 2) = Z (Jx ) hara + 8—222 + EZ1 + 2o+ %V(u) (4.28)
X C

This is our final working formula. It is convenient to rewrite the pole contributions as

Zy = (Zl)s/coll—p + (Zl)collfp/ (429)
where (Z1)s/coii—p and (Z1)coi—p 18 associated with the form factor ONLO  (soft and
collinear —p regions) and LCDA apﬁLO (collinear—p’ region) respectively. Calculation of

the relevant integrals (details are considered in the appendix) gives

. Ci;tl 1 _
(Z1)coti—p = CF <_Tc> - (2+1na), (4.30)
1 1 C. 1 1 Cp .
St LBy = (-5 ) (- G0 EmWGn) @)
+1 |:CFIDTZ B %Z%—lnz} )
€ z 2 1—=z2
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We checked that above expressions are consistent with the evolution kernels of the pion
LCDA g, BJ] and SCET] operator JB! [L, P4]. But note, that we haven’t included
the diagrams with the wave function renormalizations hence the poles ([.30) and ({.31)
are not exactly convolutions of the corresponding evolution kernels with the leading order
coefficient functions.

Calculation of the hard integrals (Jx);,,.4 can be done with standard technique and
the results for each diagram are listed in the appendix. The arising I R—poles cancel in
the sum with ([£.30) and ((.31)) as it is expected from the factorization theorem. Resulting
expressions for the coefficient functions can be written as

C C
g THO(u, 2) = 2]5 Tp(u,z) + FITND(u, z), (4.32)
(& C
oy : TNEO(u, 2) = C1 Tp(u,z) + @TND(U z) (4.33)
) 2Nc Y Nc ) )

where the subscripts D and ND can be understood as diagonal and non-diagonal contri-
butions. Assuming for simplicity ur = ur = p we obtaine:

1 1/4—u 2u? u
—ImT, = — — —

1 Z u?

u (1-u-—2)

1 1 u z
+

3 8 1 +3u 2u”
Re Tp(u,z) = aln (,u2/m§)+a+— < L - + u_z — u;:) Inu

1_ 3 1 2-3
_|_( _uf) In(l—wuz)— <—_ —_> lnﬂ—( __Z) Inz
UUZZ 2u  uZz 2uz
s (5_3 n2a  In2 1
EAC u)glnz— — o+ — (i —Inu)
2(1—u—z) 2u 2w
Liy () — Lia(u) z u? * (0,7
_ IU,Z +—I u,z), 4.35
U (1—u—2) ) " -
1 Ca U 14+2u z u?
SImT === - - SRR NTp iy
p m ND(U,Z) 5 (1—u—z ou P HU+<(1_U_Z)2 > nuwu

LC 1 5—u_ 22 _ u
F 2 u (1—u—z)2 l1—u—2z

1 u?z uz _ z
+|lz-————3 ) hut+ ——Ina— —Inz
) (u—z) Uz

S a0




C
Re Tnp(u,z) = Cr Ter(u, Z)+7A Tca(u, z), (4.37)

1 1 /21 ~ Inz
Tor(u,z) = P In? (p®/mj) + - <Z +Inu— ?> In (p?/m3)

27 w2 (4—3u—5uz—4u22) 1 2 _

+—-+ — —|5=+-—<) Inu

24 2duuz

n 2+u+ u? n U n 1 |
— — | Inu
u (1-—u—2?% 2(1-u—2) az
—2z—uz 2 (1-

3(3-2z uz)lnz—i— (1—-uz2)

< 1 (2 —u) u? u (w2 +24)

2u U 22 a(l_u_z)Q 202 (1—u-—2)
6u—3—4u® 1
C 2ualz  uz

Ina 1+uz
L nv (-(1+u) Inwu+ +uzlnz—lnz>
Z

U

1nfﬂ 1n2_u n (2 t_z) s (1 %:ﬂ)
U 2u RTINS U
z—2uz . 1 L l—u(B—-2)_.
2N o (u) — Lig(@) — — 22 2y,

+ iz (u) — ——Lix(a) - i2(z2)

Inu Inz

Toalu.2) = =3 (3— 7) In (u°/m3) —

_ 2
1 1
+T — T+ ﬁIHQE—lnﬁ <Elnz+lnz>

1 1 Z
+¥ (lnz—uln2)+<1— —i__ELZ> Lig(u)—<2—
u

uz

1 1-3
FLLis(z) + (A-3utuz)

+<1—
u

o
U)oy + R
uuz uz
U2

Lig(u 2)

—_

I(u,z) —u I(u,z) .

. 1.
) LIQ(U Z) — ELIQ(Z) + m

z

N
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where we introduced convenient real function I(u, z) which reads

I(u,2) :% B In(uz) — In(2 @) — In(u + z)] + h;(l—i/ j) In [“;Z - 1}
+- i - [2Li2(z) + Lis (%ﬂ) + Lis (Z fu2> —(z e u)] . (4.40)

Our results are in agreement with the kernels which have been earlier presented in the
paper [[§ but computed using different technical approach ( dimensional regularization

with evanescent opera‘cors).6

Let us also observe that the function I(u,z) introduced in
eq. (1.40) naturally appears in calculations of the diagrams involving massive propagator
of heavy quark. The similar structure have been also introduced in [[[J] and denoted as

F(z,u). Let us stress once more, that I(u,z) is a real function as one can easily see from
its definition (f4(). We have found that

I(u,z) =

Z_uRe[F(l —z,1—u). (4.41)

We did not find any transformation to prove this equivalence analytically and checked it
numerically for the several arbitrary values of the arguments.

Analytical expressions (f.34)-([£4() for the coefficient functions TIJYQLO represent the
main technical results of our paper.

5. Numerical estimates of B — w7 branching fractions

In this section we perform the numerical analysis of the branching fractions including next-
to-leading corrections to the hard and jet coefficient functions. The main contribution to
the branchings originate, obviously, from the real parts of amplitudes o 2. We neglect in
our estimates by electroweak penguins o; gy but include QCD penguins o™, see eq. (1),
in the form presented in [f].

Consider first some important details in calculation aq2 at the NLO approximation.
General formula reads:

1
(07} :f(]/ du V;(u’:U'R’H’h)SDW(u’:U‘h)_F
0
1 1
/ dut o (t, 11) / dz Ti(u, 2, jigs in) €8 (2 in) (5.1)
0 0

. [e'e) 1
€8z 1) =Ffx / do / do 65w, ir) I (22w, s i) on(@sir). (5.2)
0 0

where we have shown explicitly the scale dependence. To estimate the values of these
amplitudes we use the following numerical input. For the coefficient functions C;—; 2(ptr)
in the effective Hamiltonian (P-3) we employ the NLO results at pr = m; obtained in [[[7]
(N D R-scheme, NLO approximation):

CNO(my) = 1.075, C30(my) = —0.170. (5.3)

SWe are grateful to S. Jager and M. Beneke for the correspondence which helped us to fix a mistake in
the expression for one diagram

,18,



where my denotes b-meson pole mass my = 4.8 GeV. For two others scales we accept the
following values:

p = my, pp = e = 1.5 GeV. (5.4)

For simplicity, the uncertainties in the scales setting will be ignored in our analysis. Then
we obtained

1 1 1
i = fo / du Vi, ) o (o, ) + / dut o (1, m3) / dz Ty(u, 2, my) €5(2,my), (5.5)
0 0 0

To compute the form factor &2!(z,my) we must perform evolution from scale my to the
scale fipe:

1
B (zimy) = / Uz, 2 iy, ine) €3(', pne), (5.6)
0

where the evolution operator Up is derived from the solution of the evolution equation [[[3,

Bd):

& & (2, ) = —/l dz [V(2,2') = (2 — 2 Teusplars) In L-1€8 (2, ) (5.7)
dln,u T y ) = 0 ) cusp\&XS my s s ), .

The explicit expression for the evolution kernels in our notation are the same as in [B4],
see Eq’s (46,47). Let us write the solution for Ug in the form

Up = U\ (2,2 + UFEE(2,2)) + ..., (5.8)

where U éL and U g LL can be understood as ”leading log” and ”next-to-leading log” ap-
proximations. Both terms are needed to perform complete calculation at next-to-leading
order. The evolution of the form factor is combination of the two effects: summation of
the so-called Sudakov double logarithms associated with cusp-anomalous dimension I'cysp
and usual light-cone logarithms associated with non-local evolution kernel V'(z, z’) (or non-
local anomalous dimension). At present I'cysp(ag) and V(z,2’) are known at two- and
one-loop accuracy respectively. This is enough for summation of leading logarithms in U éL
but in order to compute UgLL one has to know I',sp at three loop and V(z,2') at two
loop accuracy . Because these quantities are uncalculated, we can’t perform corresponding

evolution. So we just neglect by this effect in our calculation.

Form factor ¢2(z, up.) can be computed systematically order by order using factor-
ization approach . Corresponding jet function has been computed at the next-to-leading
accuracy in [IJ-[i4]. Fixing the factorization scale at this step to be equal to pr = fine
we escape the summation of the large logarithms in jet function and therefore we have
to provide the LCDA’s ¢ (z, pe) and ¢p(w, ipe) at this normalization point. Assuming
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decomposition &8 = (8)L0 + 55(¢B)NLO we obtain:

1 1 ag
Q1S4 _ /O du px (u,my) /0 dz Ti(u, 2)Un(22) = |(€9)0() + T2 ()0 (5.9)

1 1
_ / du o (u) THO(u) / dz UK (z,2) « (€8)10()+
0 0

/ du prlu) THOw) / s U, ) [S2e8) V0] +

1 1
as
| duent [ e[ SETVIOM )] UBH ) £ (€9)70) + .
0 0

where dots denote the neglected logarithms associated with U g LL and higher order terms
O(a%). For simplicity by asterisk we denoted the integration with respect to 2z’ and skip
obvious scale dependence. In the first two lines of (5.9) we used that T© does not depend
on fraction z. Then one can perform integration over external variable z

/ b UBH (o) = DP) (5.10)
0

that simplifies the evolution. In the numerical calculations we have used for U"(2') simple
approximation that was found in [[J]. Therefore we obtained

Or_tal: ) ['d:
0

1
| s UBH ()0 = (—mastind - onle e UM (2,

0 Fe KF )\B my
(5.11)
where we used standard notation
_ dw
Ng = — 98w, pne) - (5.12)
Assuming the following ansatz for the pion DA amplitude
J— ™ 3/2 T 3/2
QDW(U, ,uhc) - 6u(1 - u) + as (th)CZ (2u - 1) + ay (th)czl (2u - 1)’ (513)
one obtains (useful technical details can be fond in [[[J] ):
Ldz LL
— or(2) U (2) =2.72 (1 + a3 + af). (5.14)
0
The similar calculation for the next-to-leading contribution gives
1
|2 UBr e < [S2EDNOE)] = [ d UG ERN O )
0 2m 27
1 00 1 ag
= ag foﬂ/KF/ dz' ULL(Z')/ dw/ dzx ¢p(w) {2—JNLO(z/,x,w) or(T)
0 0 0 T
Cr foﬂ as T T s s
— <_msﬁcm — (1 +a +af) (L?) — [3.93 + 8.15a3 + 10.05a3] (L) +
[3.0 + 10.10a3 + 16.60a}] ), (5.15)
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where we introduced

(L) = \p /OOO dw ¢p(w)ln [”;—;2’;"] . {L*) =g /OOO dw ¢p(w)In? [”;—;2’;"] . (5.16)

The last term in eq. (p.9) with the convolution of the next-to-leading coefficient function
can be represented in following form:

1 1 1
/ du <p7r(u)/ dz ?TZNLO(U,Z)/ dZ'UE (2, ) (E2VFO (2, pne) = (5.17)
0 0 d 0
Cr foT(' ) ag mn _m n
= | —mas(pne) 20— ) 2 t;""al (my)ag (phe
(rastm) S ) 52 | 3 wmazman

where the moments ¢,"" :

C; C;
S+ SR
Cc

mn __
ti

= 1
N, (5.18)

1 1 1
D(ND) = /0 du 6ui C3/*(u — ﬂ)/o dz T[])V(%VOD) (u, z)/o d2'UE (2,262 C32 (2 — %)
(5.19)

have been computed numerically. If the evolution is switched off our results are in agree-
ment with the moments computed in [[[J], see equations (54,55). Performing the evolution
and with the scale fixed as described above we obtained:

9 = 73.64 + 13.85im 92 = 66.80 + 16.70ir % = 66.85 + 17.74ir
R = 27.94 + 21.22ir %2 = 23.86 + 28.46ir 139 = 24.44 + 32.10im (5.20)
9 = 1274+ 22.61ir 3 = —9.11 + 31.3Tim ) = —7.71 + 34.6Tir

0, = —7.34 — 14.24im %2, = 33.15 — 17.43in %%, = 69.63 — 18.21im

20, = —201.69 — 39.87imr 32, = —180.99 — 39.19ir 13}, = —164.74 — 39.28im

t0, = —371.10 — 51.01imr 32, = —347.00 — 49.66ir i, = —335.62 — 49.63im
(5.21)

In order to compute branching fractions we used the set of input parameters given in
the table below. The values for the coefficient functions Cs5 46 8.1 are taken also from 7.

For the pion LCDA we use a simple model with two Gegenbauer moments aj 4 (B-13).
Our estimates of the moments based on the results obtained in [BI, BZ. The evolution of
these moments from initial scale pp. to scale my have been computed with the next-to-
leading logarithmic accuracy for the leading order contribution (the first term in (5.9)). To
perform this two-loop evolution we have used the analytical results derived in [BJ).

For the B-meson LCDA we accept a simple model with exponential behavior which is
very popular in phenomenological applications

op(w) = % exp (—w/AB) .
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fr 131 MeV fB 200£30 MeV mp 5.28GeV

a%(1.5GeV) | 0.25+0.15 Ap(1.5GeV) | 0.35+.15 GeV mb¢ | 4.8GeV

a7 (1.5GeV) | -0.05+0.15 | | fo 0.2840.05 mP® | 1.8GeV

[Vip| X 103 | |[Viep| x 103 | v | 7B, ps | Cs(mp) | Ca(my) | Co(myp) | Csesr(mp)

3.7153 [BA] 41.4 62° | 1.53 | 0.012 | -0.030 | -0.035 -0.143

Table 1: Numerical values of the phenomenological parameters used to compute branching frac-
tions.

Then one can easily calculate the moments introduced in eq. (.16)):

mpAB MpAB s
<L>:1n|: 2 :| — VE, <L2>:1n2 |: 2 :| _,YE—’_Fv
Hhe Hhe

where v = 0.577... . With the given above central value of A\p one obtains
(L) =-087, (L*)=24

For QCD running coupling ag we use the two loop approximation with QCD scale AS)C D=
225MeV. Recall, that in our numerical estimates of the branching fractions we neglect EW-
penguins contributions but include QCD penguins in the NLO approximation as given
in [f]. As it was observed in those papers, the values of the pion branching fractions
are very sensitive to the product |V| fo . Corresponding value can be estimated from
semileptonic decay B — mlv assuming monotonic behavior of the form factor f, (¢?) :

dl(B® — nlv) G2 2
i = 2471:2 Viol* [ F+ (@] P2

G2 2
G
2472

> Vao|* [ £o(0) p2. (5.22)

Using results obtained by BABAR collaboration in [BQ] for the lowest bin in ¢? < 8GeV? :

8 T BO
TB/ dqu(d—qj”l”) = ABr(B° — 7lv) = 0.21 £ 0.13
0

one obtains

ABr(BY — wlv)

8GE (8 59 3
22 fo dq*py

10° V| fo < x 10° = 0.7210-30 (1.0),
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where in brackets we show the product of the central values |V, and fy from the table 1.
In order to satisfy this requirement (at least for upper bound) we accept following values
for |Vyp| and  fy :

V| = 0.0038, fo=0.23, with 10° V| fo = 0.87 . (5.23)

As one can see from table 1, such choice of the |V,;| and fy corresponds to the lowest pos-
sible value of fy within indicated uncertainties. First, we compute two largest branching
fractions as a functions of four parameters fp, Ap, aj and aj. These results for the tree
level dominant branchings Br(B — 7~ 7") and Br(B — 7~ 7°) and corresponding values
for a2 are presented in figure H. We show all solutions which describe the experimental
points changing the parameters inside the intervals indicated in the table 1. As one can
observe, there exist many possible solutions that demonstrate large ambiguity due to badly
known mesons parameters. For instance, we reproduce the experimental values

10°Br(B — 7~ 7") = 5.1 (exp: 5.0 +0.4), (5.24)
10°Br(B — n~7") = 5.51 (exp: 5.5+ 0.6), (5.25)

with fp = 0.23, Ap = 0.23, a = 0.3 and aj = —0.07. Corresponding amplitudes o 2
have following numerical structure at this point:

Oél/fo = [104 + 00121]‘/ + (_0‘030)TLO*JLO + (_0'020)TLO*JNLO
+(—0.035 — O.O?)li)TNLO*JLO
— 0.96 — 0.019i, (5.26)

ag/fo = [0.035 — 0.077i],, + (0.19) 10, jro + ( 0.13) 10, j¥r0
+ (0028 + 0.060i) 7 x 10, s0
= 0.38 — 0.020, (5.27)

where for convenience we presented the answers normalized to 1/ fy. Let us briefly comment
these results. The real part of the aj is clearly dominated by the vertex term, the
corrections from the hard spectator scattering are about 5% in absolute size. As one can
see from (p.26) the radiative corrections ( indicated as ;Lo jvzo and pnyro, jro) numerically
quite large with respect to LO term pro,jr0. The relatively large value of TNLO y jLO
contribution is explained by large value of the Wilson coefficient C; with respect to Co.

For the amplitude as the situation for the real part is different. The vertex contribution
is very small due to the compensation between tree and NLO contributions [fJ]. Therefore
the dominant term arises from the hard spectator scattering part of the amplitude. The
structure of the NLO terms here is also different: bulk of the radiative correction is due to
NLO jet function. The NLO hard spectator scattering is approximately four times smaller.
Hence obvious conclusion is that the total (jet+hard) NLO contribution is very important
for Re[ae] and almost negligible for Re[a;] respectively.

The important result of the our calculation is the imaginary part of both amplitudes
aq2. Its value, in comparison with the value of imaginary part from the vertex contri-
bution V, is quite large and has opposite sign. Therefore the resulting imaginary parts
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Figure 4: Branching fractions and and amplitudes &1 2 = aq,2/fo as functions of hadron input
parameters fp(0.02), Ap(0.06), a3(0.06) and a](0.06). The numbers in the brackets give the value
of step in the numerical calculations. The large points in the upper plots correspond to the choice
fB =023, A\p =0.23, af = 0.30 and a] = —0.07. The values of the &; and branching fractions
which lie outside of experimental interval are not shown.

are significantly modified. Such changes may produce sizable effect for the CP-violating

asymmetries and therefore have to be taken into account in phenomenological analysis.
The smallness of the ap provides small value of the third branching 106 Br(B — 7%7°).

Its value always remains considerably smaller than the experimental value, see two bottom

plots in Fig (). With the amplitude as from eq. (5.27) we obtained
105Br(B — 7% = 0.45 (exp: 1.45 4 0.29)

that is three times smaller then the experimental value. Of course, there exist ambiguities
not only due to hadronic input parameters but also in the scale setting, in quark masses
and weak parameters. Such uncertainties have been already estimated in [I5] and they are
quite large.

On the other side it’s possible to suppose that realistic explanation of the small theo-
retical value of the 797" branching can be explained by relatively large contributions of the
power corrections which have been ignored in present calculations. The key observation is
that B — 7’7 amplitude has small absolute value (~ ag) due to cancellation among the
vertex contributions. Then it makes possible that preasymptotic effects from the power
corrections are very important especially for this case. In papers [, [[§] the model for some
contributions of the power corrections have been already introduced to estimate their effect.
In particular, the so-called ”chiral enhanced” twist-3 contributions have been considered
as a source of dominant effect. In [[F] such correction strongly enhances the absolute value
of ay compare to perturbative contribution.
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Similar situation, with small leading power term and large power suppressed corrections

occurs in hard exclusive processes. Such scenario, as expected, is realized for the pion form
factor in large Q? limit. In that situation leading twist perturbative contribution is small
~ O(ag) and power correction may even dominate in quite large accessible range of Q2.
For the detailed discussion of this question we refer to [B4] where light-cone sum rule
approach have been used for analysis of the power behavior in Q?. The other interesting
observation, which was made in [B4], is related to the ”chiral enhanced” contributions.
For the pion form factor such corrections naively could provide very strong effect as it was
observed first in [B5]. But in sum rule calculations it was found that such contributions turn
out to be small. It might be understood, that the value of such corrections is overestimated
if one uses the simple model with a cutoff of the momentum fraction to ensure convergence
of the convolution integrals. If this true, then for description of B — 7w decays one needs,
probably, a different model of the power corrections than one used up to now. The detailed
discussion of this question lies beyond the scope of present consideration and we refer to
recent works dedicated to this subject [B].

6. Conclusions

We have presented the independent calculation of the next-to-leading order corrections
to the graphical tree amplitudes in B — w7 decays. Our analytical expressions are in
agreement with results obtained in [[[§] using a different technical approach. The obtained
results have been used for the numerical estimates of the branching fractions in BBNS
approach [[J]. We have found that total ( hard plus jet ) next-to-leading correction is
relatively small for the real part of the a; decay amplitude and provide large contribution
to the real part of as. In the last case the dominant effect originate from the next-to-
leading contribution of the jet function. But the imaginary part which is generated by the
hard coefficient function of the hard spectator scattering term is quite large and therefore
can provide sizable contribution to the CP-violating asymmetries. Our estimates of the
branching fractions allows to make conclusion about existence of sizable effect from power
0,70

suppressed contributions, especially for branching B — = which dominated small as

amplitude.
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A. Structure of the divergent contributions of the Feynmann integrals

Here we briefly discuss the structure of different divergent contributions and provide results
for the singular parts of the UV — and I R— integrals.

The UV —divergencies arising in the NLO diagrams are removed by the counterterms
for the four-quark operators, renormalization constants of the wave functions and QCD
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counterterms. Renormalization of the four fermion operators Oq 2 is given by:

O = Z112J2Ol1mre + ZQZIZQOgare, (Al)
Oy = Z122722011mre + ZQQZJQOS(MG (A2)

where 2 x 2 leading order matrix Z reads (see for instance [[17)]):

1 _ _ _
ZZl——% 2CF 6(CF CA/Q) 3 (A.3)
€4rm -3 2CF — 6(Cp — C4/2)
and Z, is the renormalization constant of the quark field in the MS-scheme.
la
Zy=1-=-—Cp. A4
v cdr © (A-4)

In addition, matrix elements have to be multiplied on the corresponding renormaliza-
tion constant of the wave functions external particles. For the quark wave function such
renormalization factor is defined by

: (A.5)

where we assume off-shell I R—regularization and X, denotes one-particle irreducible self-
energy graphs. Such definition introduces, except UV —pole, the finite term:
1 ay 2

g 0

1
2
The pole part cancel UV —divergencies arising in diagrams for the matrix element. The
finite term must be included in the matching. But the same definition (A.F) is used for the
renormalization of the quark wave functions in the effective theory. One obtains similar

contribution:

1 o 2
E(Zq - 1)ﬁn = —ﬁCF |:1nl;—§ + Zfzn:| s (A?)

which is different from ([A.6) only by renormalization scale u%. Hence, the difference of two
expressions ([A.§) and ([A.q) which defines the contribution to the hard coefficient function
from such terms is proportional to In(ur/pur). We put pug = pp that allows to avoid
consideration of such terms. The same arguments can be repeated for the gluon wave
functions. But situation with heavy b-quark is different. The HQET wave function of the
effective filed h, is renormalized by factor Zj

d>p
Zp =141 , (A.8)
d(vk) | (uy=o
where k denotes residual momentum. Then one obtains:
1 _as 1 2(vk) UR
2(Zb—1)—4ﬂ_C’F (—6—2ln< e —3In o -2, (A.9)
1 as 1 2(vk)
—(Z,—1) =2 —— —2In( —~——= Al
2(h ) 47TCF< . H(ﬂp ; (A.10)
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Color factors X, diagram index X

Oy Can <CF_ C;_A) Al, B6, C1, D6

Ci Ci

Gy Gy A6, C6, D1

@(C _%) A2,C2, D2, E6, F6, H1

Nc F 2 9 9 9 ) )

FCr A4, AT, BA,CT,DA,C4, E1, £2, HG
Cﬁl Ca A3,C3,D3,E3,H3

Table 2: The color factors of different graphs in figure E

Hence the corresponding contribution to the hard coefficient function ( for ur = ur)

as Cin1 1 3w

my

After these remarks let us provide list of the singular contributions for the integrals

(Jx)uv defined in (f.13) and for the soft and collinear integrals (£.29), ([.24) which appear
in graphs presented in figure . For simplicity, we shall indicate below index IR for the

soft and collinear integrals and define (X = Al, A2,...)
pole terms [(Jx),,rq) = —Pole terms [(JX)sofmo”} = X JX1R (A.12)

where X, denotes color factor as in (J.1J). The explicit expressions for X, are listed in
table 2.

As usually we use notation % = 1 —u and MS-scheme for subtractions. For simplicity
we put g = myp. Then

1
JAGUV = JCGUV = JE6UV = JFGUV = JHlUV — _JHGUV — _E’
i
JH3yy = —i,
2ue
1
JAdyy = JC4yy = ——,
2e
2
JBAyy = JDApy = =
€
2
, JBbyy = JD6py = —,
el
1/1 1 . _
JAl R = - <€—2 + B (1+4m —ln[zu])) ,
JA2ig = l% <—1 - zl?z> ,
U 2 zZ
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11

JA3rr = —j(1+ln2),
eu
1 . _
JA4Rr = 2 + B (24 im — In[za]),
11
JATiR = ==,
€2u

1 1
JB4g = = + - (=2 —im + In[zu]) ,

1 1 1
JB6ip = — <—— - (2+im —ln[zu])> ,

u\ &2
1 1 1—2zu 1—zu
JO2%R = — — = (lnu— 1
IR = 9¢2 €<nu uz n{l—z])’
1 1 1 zZ+2 1—zu
JC’31R:—2+—<——+i7T—lnu—Z+ Y nz 4 Zuln[l—zﬂ]),
€ € 2 uz zu
JC4IR:l(l—l_zuln[l__zu]>,
5 2u z
1 1 1
S I
JC61Rr z <2€2 + E ( nu)> R
1 1 1
JDljp==-—-——=—=+-Inu ),
a\ 2% ¢
1 1 1-—- 1-—
JD2ip = ——— 4+~ (lna— —Zm |22,
22 ¢ 2l z
1 1 1 1-2 1-—
JD3jp==|—-1]—- iw—i—lnﬁ—( 7uz)1n2—i—( 7uz)ln[1—uz] ,
g2 \ 2u 5 24 uz uz
1 1-— 1-—
JD4IR:—<—1+ — 1 “Z)
5 uz z
llnu
JE2 = —— 2%
£ u
1 1 1 1 Inu
JE?UR:t<——2+—<———m+ﬂ+ln[u2]>>,
U € € 2 U
11 Inu
JE6p = —~ <1+ M) ,
X7 u
1 1 1
JFGIR:E<@+E(1_IHZ)>’
11
X
1 /1 173 . o
JH3ir = - (8—2 + R <§ +im —In [zu]>> . (A.13)

Performing analysis of the main regions which contribute to the leading power accuracy we
find that many I R—contributions cancel in certain combinations of diagrams. Important
that such cancellation can be observed before computing of the integrals and therefore
provides a good check for the intermediate calculations. Taking into account the color
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factors of diagrams we have found following I R—finite combinations:

(JA1+ JB6+ JC6 + JD1),, = 0,
(JA4 + JBA+ JC2 + JC4+ JD2+ JD4),, = O,
(JAL+ JB6 — JE3 + JE6 + JH1 — JH3),, = 0. (A.14)

The remaining I R—contributions can be associated with the matrix elements of the SCET
operators which define LCDA @%LO and from factor #V2C. To obtain results for the Z0,1,2
introduced in (A7) we have computed following expressions:

1 Cz 1 NLO (..
[ng i Zo} _ %Cp ((JEQ +JE6+ JH1) 0 + / dm’%)
coll—p’ c 0 B
Cix1 11 _,  Ina
Nc CF (gﬂ( + nu)—|— u >, ( 5)
1 1 Cit1
2+ 2 = Ll [CF (JA2 + JAT+ JF6), 0oy, + (A.16)
€ € s/coll—p Ne

C 1
TA (JA3 = JA2 - JC2+ JC3—JD2+JD3 = JF6) ., + / dz'é?NLO(z')]
0

C; 1 1 l1lnz 1 Inz Ciyl /1z4+1Inz Inz Inz
= 2 Cr=| 75— —z—— +—At S +1+—+4+—
N, U 2 2 ul\e Z z z

The pole contribution in formula (JA.15) can be interpreted as convolution of the evo-
lution kernel with the leading order coefficient function TiLO:

~ C, 1/3
(Z1)cotl—p + 2y =V *EZLO % 00 = Op <—%> o <§ + lnﬂ) ) (A.17)

where in the left side of eq. ([A.I7) we introduced contribution from the quark field renor-
malization, denoted as Z¢. We added this term because the set diagrams in ([A.15) doesn’t
have such contribution and therefore corresponding poles define non-trivial but not com-
plete part of the evolution kernel V:

V(z,u) =CFp [fﬁ(x < u) <1 + ! > + ! _xH(x > u) <1 + = )} (A.18)

U U—2 1—-u r—u)|,
where plus-prescription denotes: [F(z,u)], = F(z,u) — 6(z — u) fol dx'F(2',u). The same
consideration can be carried out for the poles in (JA.16). Because leading order coefficient
functions T/° (B.3§) are independent on the momentum fraction 2/, the singular (pole)
part of the form factor §VLO(2') appears as integral [ dz’ 6FC(z') and can be understood
as counterterm of the local operator JB1(s = 0) in the effective theory. We have checked

by independent calculation that expressions for the Z; 5 in (JA.16) is in agreement with the
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renormalization of the local SCET] operator J5!(s = 0) (B.2):

1 1 - 1 - -
§Z2+g (Zl)s/collp+Zw+§ZA+Zg:| = QD%O*T;‘LO*(HNLO)UV—pole (Alg)
C,1 1 CF
Y e e I L 7
( N. a)( 2 L+ 2emw/(en)])

1 Zz—4lnz Cy Inz
e [CF4(1—2') +71—zD ’

where we again introduced contribution from the renormalization factors for coupling Zg
and fields Zw A which necessary for complete definition of the evolution kernel. Equa-
tion ([A.19) is in agreement with known results for the evolution JBZ! obtained in [[L3], 4].

B. Finite contributions of the hard integrals (Jx)nura

In the second part of appendix we present the finite contributions of the hard integrals

(Jx )hara introduced in ({29) and (f.29). We shall write
finite terms [(Jx)pqra) = Xeotd X (B.1)
As usually, we assume p = my, in order to simplify the formulas.

2 Tr? Inu  (1+2) ln2+(3z—2) lnz+ln2(z w) +i71' (1 — In[u z])

JAlzt——_— — — — ~ _ ,
u  12u U 2uz 2uz 24 i
1 Inu 1 12 1 1
Az = s g BE (32 ) B2 IR (L 202,
u 2u 2 uz 2uz 24 iz
JA3 = 2 _hl(l—u) In(1 —2) _1D(1—u)1n(1—z)
1-u 1—u 2(1—u) 2z 1—u
In*(1—2) im (1+Inz)
2 (1—u) 1—u ’
7w 3Infuz] W%[zaw . (3 -
JA4_4_§_ 5 + 2 +am §—ln(uz) ,
JAGZ_Z'_W__IDZ—i—z—_zln(aZ),
2u 21Uz
ir 2—1Inu
JAT = —— —
24 2ua
1
JBA = im nfuz] + o+ 53— fuz]),
1 1 — log? 2
JB6 = L (im n(uz) + 121087 Al T
u 2 12
Inu
JE1l = ——
2u "’

1
JE2 = oM (=2im Inu —3Ina+In*a+2 Ina In2) ,
u
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JE3 =

JE6 =

JF6 =

JH1 =

JH3 =

JHG6 =
JC1 =

ImJC1 =

ReJC1 =

JC2 =

JC3 =
ImJC3 =

ReJC3 =

1+77T2 In?a ln2[u2]+ln2+31 Ina 3—2u Inz
a 120 2w 2e  2a o 2a T\ T2um
i (u—21Ina— 2w Infuz]) ) ’

2uu
1
2f(élu—l—(3—u)lna—ln2a—uln,§—2lnﬁlné—i—iﬂ'(u—i—21nﬁ)),
au
22 (2-32)1 1, (%
ﬂ-—_ ?_ﬂ‘F?S(E),
24u - u 2uz U \z
1
57 (4+ir —In(uz)) ,
w2 In*(uz) . In(az)
Sl el A Pl o
124 24 T
1
ReJC1 + inlmJC1,
Z(1-3u-—z2) u?z u

2 3ln[?]’
2(1—u-—2) (1—u—2) z

u? Z I(u, %) _ha_u(1 u _u(1+u—z)> B

1—u—z)2 2 u’z

(1 - #) Lig(u) + <1 - %) Lis(2) — <1 - i) Lis(za) +
s()+ () (D) -s(+))

ReJC3 + irImJC'3,

3 u? U u? U

- — + — In({—=)—In(uz),

2 (1-u-2? 20-u—-2 (Q-u-2)> (z) (u2)
Tr? udT(u, z) 3 u? u

l-— - 5- 5 + Inu+
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1 2—u 1 3—2u 3 1
4=: S mz— (= - — ) (1-za)In[l — za] —
1¢ +< uz 2uz? 2u )nz <2uz 2uz2u>( 2i)In [l - 24

S0 s (2R):

2 3 1 1 /4
JCG:T(—,"F—,— ?+i lnu—l—:S(E)’
u 2u? u \u

24u  2u
1 U
= — 4+ —1
JCT 2@—{—2@2 nu,
JD1 = ReJD1 + inrlmJ D1,
ImJD1 = ——— = ;i (2),
uU—2z (u—z) u
2 zl(u,z 1 1 Inz
ReJDlz—L—Z(u’Z)+ —— | lnu+ ne
24u U— 2z u—2z Uz uU—z
(1—uz)In(l—wuz) ls(g)
uz (u—2z) u \u/’
2 - _ _
-5-3 | | 1-—
gp2 = T (ZZ578uwEy u e (om0
244 z uz 21U UZUZ

1+uz . . . U 1—uz z uz
i+ -5 (2) 12 (5(2) 5 (125).
JD3 = ReJD3 + inrlmJ D3,

1 1 1 U 1 1 U 1
ImJD3 = —i———i—(——i— Y + >lnﬂ—i— 2——— Y — )1112
z U z

20 u—z \a (u—2)2% u-—

12~ 24u U U uU—z 20 u—=z
1- 1 1 1
772“111[1 zul % + — ) Inz— = In?[za] —
uz(u — 2) 2t (u—2) az 2
(Ztuz)s(i>+(1—_uz)s< uz >’
Uz Z Uz l1-uz
JD4:§+flnz+1__uz<S(§)—S< vz >>
2 =z 21U z l1-uz
JD6 = ReJD6 + inImJ D6,
D6 = — =y 21w @tz) (%),
u (u—2) a(u— 2) z
1 U 1 1
RGJD6:i_+<T_u__Z+ “ )I(a,z)—<j+ >ln(a2)
24 u U uU—=2 U u—=z
(1 —-wuz)
= 7 (1 —
+ﬁz(u—z) n(l —uz),
where for brevity we used new notation S(x) :
S(m)—11n2(1+x)+/1d—0‘1n(1+m)—m T )i 4a) (B.2)
2 0 @ B ’ '

All other functions have been defined in the text.
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